Bell's inequality without alternative settings by Cabello, A




















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































2cannot be excluded. The detection loophole [13] arises
from the fact that in most experiments only a small sub-
set of all the created pairs are actually detected. It is
therefore necessary to assume that the registered pairs
are a fair sample of all the emitted pairs. These loop-
holes are natural from the local hidden variables' point
of view, in which particles have additional hidden vari-
ables that enable them to give results for certain experi-
ments and not for others. If the actual setting does not
correspond to the hidden variables of the particle, then,
according to the detection loophole, the particle is not
detected. Whereas, according to the locality loophole,
this situation never happens because the particle knows
the setting in advance.
The experiment in [9] with polarization-entangled pho-
tons and a 400 m separation between the particles
(which gives the observer 1:3 s to make the selection-
measurement process, dened in [9] \to last from the rst
point in time which can inuence the choice of the ana-
lyzer setting until the nal registration of the photon")
is not subject to the locality loophole, but the detection
eÆciency (5%) is not high enough to close the detection
loophole (82:8% would be required [14]).
On the other hand, the experiment in [10] with trapped
beryllium ions has nearly perfect detection eÆciency and
is not subject to the detection loophole, but the distance
between the ions (3m) is not large enough to close the
locality loophole, because the selection-measurement re-
quires two steps: a selection applying Raman beams for a
pulse of a duration of 400 ns and a measurement probing
the ion with circularly polarized light from a \detector"
laser beam.
It was rst thought that improving the detection ef-
ciency in experiments with pairs of entangled photons
would elude both loopholes, but this proved more diÆcult
than expected and, despite several proposals [15], no con-
clusive experiment has been achieved. Another approach
based on pairs of atoms produced through a photodis-
sociation process [16], or pairs of Rydberg atoms [17], is
not easy to implement and no conclusive test of Bell's
inequality has been carried out in these systems.
Summing up, although the recent experiments [9, 10]
have meant a signicant advance, they still have not set-
tled the debate [18].
In (III) we will show that the approach to test Bell's
inequality introduced in (I) and (II) could be useful to re-
duce the distance requirements to close the locality loop-
hole in experiments with a high enough detection eÆ-
ciency.
Motivated by the quantum information approach to
quantum mechanics and by the fact that current tech-
nology allows an exquisite level of control over the mea-
surements that may be done, recent formulations of the
principles of quantummechanics [19, 20] stress that mea-
surements correspond to positive operator valued mea-











FIG. 2: Modied EPR-Bohm experiment: The measurement
on the left particle is a projective measurement, while the
measurement on the right particle is a generalized measure-
ment described by the POVM (4)-(7).
jective measurements. It is assumed that there always
exists a realizable experimental procedure generating any
desired POVM, represented by positive-semidenite op-
erators fE
d






(I) EPR's elements of reality with POVMs.| A nat-
ural question is what POVMs means from the point of
view of EPR's elements of reality. To answer that, let
us go back to the EPR-Bohm experiment. Let us sup-
pose that, instead of the same projective measurement on
both particles, a projective measurement A is performed
on particle 1 and a four-outcome generalized measure-
ment is performed on particle 2 (Fig. 2). Specically, let
us consider the generalized measurement represented by































































is the projection on states orthogonal to
jA =  1i. If the result of the POVM is that correspond-
ing to E
A+
, this means that the initial state was not
jA =  1i [22]. From the point of view of EPR's criterion
of elements of reality, both A and a must have predened
values +1 or  1; thus any measurement which reveals
that A was not  1 also reveals that A was +1. There-
fore, following EPR's point of view, we can label the cor-
responding output of the POVM as A = +1, and likewise
for the other three possible outcomes, as in Fig. 2.
However, not only A but also a must have elements of
reality. Why then do we obtain only one of them after
a POVM? To answer this question, it is useful to keep
in mind the fact that any desired POVM with a nite
number of elements can be converted into a projective
measurement by introducing an auxiliary, independently
prepared, quantum system (ancilla) [19, 20, 23]. The
POVM can then be seen as a projective measurement
on the system composed by the original particle and the













FIG. 3: Proposed conguration of an experiment to test the
CHSH inequality without alternative settings.




















is the projector onto state jA = +1i
of the particle and state jz = +1i of the ancilla, and r
A+
is the corresponding result. One of the possible ways to
measure O is by preparing the ancilla in the maximally
mixed state  =
1
2
1I, then measuring z on the ancilla and
then measuring A (if the result of the previous measure-
ment is z = +1) or a (if the result is z =  1) on the parti-
cle. Such a procedure is analogous to the one followed in a
standard test of Bell's inequality with alternative projec-
tive measurements. The result of the rst measurement
acts as a random generator (the two possible outcomes
are unpredictable and have the same probability of oc-
curring) which determines the projective measurement
that is nally chosen. Therefore, a measurement of O is
equivalent to a selection between A and a using the result
of a projective measurement on the ancilla, followed by a
projective measurement of either A or a on the particle.
Therefore, we conclude that the described implementa-
tion of the POVM (4)-(7) on particle 1 of a two-qubit
system in the singlet state is, from the point of view of
EPR's criterion of elements of reality, equivalent to two
alternative dichotomic projective measurements A or a
preceded by a device to randomly choose between them.
Let us assume that every implementation of a projec-
tive measurement is equivalent. Then, the POVM (4)-
(7) can be equivalently measured by a single projective
measurement of the observable O on the particle-ancilla
system. In this case, the usual selection-measurement
process in each of the wings of a test of Bell's inequality
is replaced by a single measurement on a particle-ancilla
system.
(II) Violating Bell's inequality with POVMs.|The
next step is to show that the predictions of quantum me-
chanics for a singlet state violate the CHSH inequality
(2) when each local observer measures a POVM of the
type (4)-(7). Let us suppose that the POVM  dened
in (4)-(7) is measured on particle 1, and a similar POVM
, dened as in (4)-(7) just by changing A by B and a
by b, is measured on particle 2 (Fig. 3). The average AB
(and similarly the other three) appearing in the CHSH





























































) is the probability of the observer of
particle 1 obtaining A = +1 and the observer of particle
2 obtaining B = +1. The denominator is the probability





g, and the result of the POVM



















Therefore, it is easy to see that, for the singlet state (1),
hABi
 












(1; 0; 0), ~a = (0; 0; 1),
~




b = (1; 0; 1)=
p
2,
we obtain B = 2
p
2, which violates the CHSH inequality
(2). Thus, we conclude that the predictions of quantum
mechanics for the singlet state violate Bell's inequality,
even if local observers do not have to choose or switch
between alternative projective measurements; a suitable
POVM implements such a selection-measurement process
in a single step.
(III) POVMs and loophole-free tests.|At rst sight,
the standard approach, based on a random selection be-
tween two alternative projective measurements, and the
approach introduced here, based on single POVM im-
plemented by a single projective measurement on the
particle-ancilla system, might be considered to be phys-
ically equivalent. However, the equivalence is not com-
plete. The dierence could be useful (or at least must
be taken into account) in designing loophole-free tests
of Bell's inequality. Detection eÆciencies that are high
enough to elude the detection loophole are usually asso-
ciated to entangled pairs of massive particles. However,
preparing and preserving entanglement between two dis-
tant massive particles is a diÆcult task. Therefore, an
interesting question is: which is the minimum distance
between the local measurements on the particles required
to avoid the locality loophole. This distance is ct, where
c is the speed of light in a vacuum. In the standard ap-






is the time which elapses
since the moment in which the nal setting of the selector
can be ascertained until the particle enters in the mea-
surement device, and t
M
is the time that the projective
measurement lasts. In the POVM approach, it is just
t = t
M
. Moreover, while t
S
cannot be neglected because
it involves a sequence of physical processes (it requires,
among other things, connecting a mechanism to gener-
ate random results with another which xes the selector),
t
M
is, in principle, comparatively smaller. The behavior
4of a quantum system subject to a projective measure-
ment is described by von Neumann's reduction postulate
[24]. In this description, measurement is instantaneous.
However, real measurements require interactions between
the measured system with the environment, interactions
which are not actually instantaneous. However, for our
discussion, the important point is that there is no funda-
mental limit to the minimumtime required for a measure-
ment. Therefore, in the POVM approach to test Bell's
inequality, in principle, there would be no limit to the
minimum spatial distance between local measurements.
In practice, this means that, in the POVM approach,
this distance is only restricted by the duration of a single
projective measurement [25].
Bell stressed the importance of experiments \in which
the settings are changed during the ight of the particles"
[11]. In the POVM approach, the \settings" are not de-
cided until the measurement itself is performed on the
particle-ancilla system. Contrary to what happens with
passive switches [8, 26], one could not argue that any par-
ticle of the pair would guess the \settings," because these
are not predened, but can instead be seen as the result
of the measurements on the ancilla-particle systems [27].
Therefore, the choice of \setting" for each particle of the
pair is unknown not only to the other particle, but also
to the particle itself.
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